Abstract--In this paper, we consider a polynomial differential system of p + q degree, which was given from a general multi-molecular reaction in biochemistry as a theoretical problem of concentration kinetics. We analyze qualitative properties of its equilibria at infinity, determining characteristic directions and the numbers of orbits which go towards or away from those equilibria in characteristic directions. In the analysis, the high degree of polynomials and the high degeneracy of equilibria at infinity make so much trouble that both the known blowing-up method and the normal sector method are not effective in some cases. Our difficulties are overcome by discussing a kind of angular regions, which extends the classic normal sectors to more general. (~)
INTRODUCTION
Since chemical oscillations were observed in 1960s, more and more contributions [1] [2] [3] [4] [5] [6] [7] have been made in this field. In 1977, Prigogine set up a theory of dissipative structures. Based on his work, many results [8] [9] [10] [11] [12] are given to investigate dynamics of the basic Brusselator,
dx dy _ bx -x2y, d---/= a -(b + 1) x ÷ x~y, d-t -
and its periodic perturbations in details. Later, along with consideration on multi-molecular reaction models [13, 14] , many attentions are also paid to the generalization of the Brusselator Typeset by AA4,S-~X related to kinetic constants. The systems B(a, b;p, 1) and B(a, b; 1,q) are discussed in [15, 16] . The most general system B(a,b,p,q) is discussed in [17] , where the system is proved to have a unique equilibrium S : (a, (b/aP-1) 1/q) in the first quadrant and at most two limit cycles can be produced from Hopf bifurcation at S. Although local qualitative properties of the general system B(a, b;p,q) are given in [17] , its global dynamics still needs to be discussed. An interesting work is to give qualitative properties of its equilibria at infinity, which reflect the tendency of the products of substances x, y growing in large amount. With the Poincar6 transformation x = 1/z, y = u/z, equation ( dT where dr = dt As shown in [18] , we only need to study its equilibrium O(0, 0), which corresponds to an equilibrium I v on the y-axis in the first quadrant of the x-y plane. The main difficulty in discussing I= and Iy is that their degeneracies are determined by the unspecified numbers p and q and so high, when p and q are large, that the blowing-up method (which decomposes a complicated equilibrium into several simple ones with the Briot-Bouquet's transformation [18] ) is not effective. In some cases, the normal sector method [18, 19] , also does not work because there is no way to construct an appropriate normal sector about a characteristic direction.
Our difficulties are overcome in this paper by discussing a kind of angular regions, which extends the classic normal sectors to more general. Such an angular region, allowing curves and orbits to be part of its boundary~ may not be an angular neighborhood of the characteristic direction. Using this method we determine the characteristic directions and the numbers of orbits which go towards or away from the equilibria Ix and Iy at infinity. It suffices to discuss how many orbits of system (1.2) enter or leave O in the first quadrant of the u-z plane as ~---* oc. Our discussion is proceeded in the three cases.
OF EQUILIBRIUM Ix
Casel: q=l. Case2: p=l andq>2. Case3: p>2andq>2. 8) in which the term z p+I of the lowest degree plays the decisive role. Either from (2.2) or (2.8), Theorem 7.1 in of [18, Ch. 2] implies that O is either a saddle-node (precisely, a saddle on the side of positive z and a node on the side of negative z) for odd p or a saddle for even p. Furthermore, the stable manifold of system (1.2) near O is on the u-axis, i.e., z -0. On the other hand, for p = q = 1 ul = 0 is a center manifold, so u = bz is the orbit leaving from the origin in the first quadrant. For p _> 2 and q = 1, there is either an unstable manifold or a center manifold tangent to the z-axis at O. Those = r q-l sinOcos q 0 -br q-1 sin q+l 0. d~-As in [18] , no orbits connect the equilibrium O in directions other than characteristic directions, and for a characteristic direction 0 = 00 of the system, there exists a sequence of points Pn : (r~,On), such that limn_~tana~ = lim~--.~r~[(r~,0~) = 0. In order to find characteristic directions of (1. We cannot discuss orbits in 0 = 02 := arctan(1/~x/~) directly by the known theorems in [18, Ch. 2], because H(02) = 0 but the theorems in [18] require the condition that H(02) ~ 0. We will discuss by constructing an appropriate normal sector [18, 19] around the characteristic direction.
From ( For indirect proof of the uniqueness of orbit in 0 = 02, assume that there are two orbits OQ, OR in the normal sector AOAB, which both start from O and interseetA ABAat S1, $2, respectivel__.~y. Let E be the boundary of the region 7) surrounded by the orbits 0S1, 0S2 and circular arc $1S2. Let (P, Q) denote the vector field of system (1.2) and g be the unit outer normal vector of £;. Then, > 0, (2.15)
because (P, Q).g = 0 on the segments 0S1 and 0S2 of orbits and the angle between (P, Q) and g is less than 7r/2 on the arc $1S2 as shown in last paragraph. However, by the Green's Formula,
where k is the slope of OA. In fact, z < ku in Z) and
for sufficiently small u > 0. The contradiction between (2.15) and (2.16) implies that system (1.2) has a unique orbit in the direction 0 = 02 in the first quadrant, which goes away from O as 7 --* co. The proof is completed. | In the direction 0 = 02, G'(02) = H(02) = 0, which does not match any condition of a theorem in found references [18, 19] . Then, we hope to construct normal sectors as done in the proof of Lemma 2. Unfortunately, the direction 0 : 02 is on the positive z-axis, the boundary of the first quadrant, so that we have no way to construct a normal sector, an open subset in the first quadrant, to contain the direction. Moreover, even if we extend our scope to both the first quadrant and the second quadrant, as to be shown later, both the horizontal isocline 7-/and the vertical one ]2 are tangent to the z-axis at the origin O, which implies that dr will change its 27 dr vanishes somewhere in the sector sign near the z-axis in the neighborhood of O and therefore between the two isoclines. This also prevents us to construct a normal sector about 02 as usual.
In what follows, we construct another kind of angular regions which allows curves and orbits 
Ou < O, as (% z) E A~20"12 U AI20"H [.J A7-[0~3.
We first claim that there are no orbits approaching O in the region AZOQ2. Thus, our claim is proved by this contradiction.
Continue to discuss the region AQ20-~"-~ = AQ20~-'Q1 U AQ~O~'-~, where ~-~ (u/i) < O, and claim
that there is at most one orbit approaching O in the region. Suppose that F~ : u = u~(z) and F~ : u = u~(z) are both orbits connecting with O in the region. By continuity, there is a small positive constant c2 < g, such that F~, F2 both lie in AQ2OP and that there is no intersection of the two curves for 0 < z ~ c2, except for O. Without loss of generality, we suppose that U2(C2) > Ul(C2). Then, u2(z) > u~(z), for all 0 < z < c2. By the mean value theorem,
where r/ is a constant in (Ul(Z), U2(Z)). This implies that u2(z) -ul(z) is a nonincreasing function in z e (0, c2] and therefore, u2(z) -ul(z) < 0 for 0 < z < c2 since u2(0) -ul(0) = 0.
This contradicts that u2(z) > ul (z). Then, we discuss existence of orbits. We know that there are neither horizontal isoclines nor Since none of 7-/, V, Z, and Q~, i --1,..., 4 is an orbit of system (1.2), we see that there is exactly one orbit connecting with O in the direction 0 = 02, which actually leaves O as ~---* +co. The proof of the lemma is completed. | Summarizing results in Lemmas 1-3, we obtain Theorem I immediately and omit the statement of its proof. 
QUALITATIVE ANALYSIS OF EQUILIBRIUM

Iy
in a neighborhood of O. More generally, we claim that for q >_ 2, ¢~k) (0) = 0, k = 2,..., q, ¢~q+l) (0) = -a (q + 1)!.
(3.4)
In fact, we can prove that Thus, it is ready to calculate ¢~k)(z), where we note that E(z;q,k) = 0 for k < q + 1 because every term of E(z; q, k) includes a factor w (l) (z), 1 < l < k -2. The claimed result in (3.29) can be checked easily.
By ( and can be further rewritten in the form of (2.13),where 
